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On the Definition of Medticible Hypercomplex Number 

Systems. 

II. 

By Heman Burr Leonard. 



§1. — Preliminary. — The present paper is intended as a completion of the 
problem studied in a former paper bearing the same title.* 

A hjpercomplex number system is said to be reducible when, by a proper 
choice of units, it can be brought to the form 

E = EjEji. = ei . . . ■ e^Cm + 1 • • • • e„ , 
where the following conditions are fulfilled : 

A), associativity of ^; 

Gi) , Ej forms a system by itself; 

(72) , -&J; forms a system by itself; 

Oj!c)yeje^ = 0, y=l, ,m; 

(^kj), euej=0, h=m + l, ,n. 

In the former paper were listed seventy-eight different definitions from which 
the above requirements can be deduced, and these definitions were based on the 
following twenty conditions : 



A) 

A) 
A) 
A) 
A) 
A) 
A) 
A) 

Or) 

G,) 



Wi Ji) '^z — 'M \y% Jv'i 

Ej is closed under multiplication, that is, Ji J.^ := Jg; 
Ek is closed under multiplication, that is, K^ jK's = K^; 



* Epsteen-Leonard, On the Definition of Reducible Hypercomplex Number Systems, American 
Mathematics, Vol. XXVII (1905), p. 817. 
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C%), J,K,^J^ (^.= 0); 

0%), K,J, = J, {K,= 0); 

Cv), right-hand division possible and unique, that is, not every X is a 
right-hand divisor of zero; hence, an X exists such that 

XiX= 0, only if Zi = 0; 

Ci), left-hand division possible and unique, that is, not every X is a 
left-hand divisor of zero; hence, an X exists such that 

XXi = 0, only if Xi = 0; 

C{), right-hand division possible and unique in the subset Ej, that is, not 
every J is a right-hand divisor of zero; hence, a /exists such that 

J^J=z 0, only if J^ = 0; 

C^), left-hand division possible and unique in the subset Uj, that is, not 
every /is a left-hand divisor of zero; hence, a /exists such that 

//^ = 0, only if /j = 0; 
(7*), right-hand division possible and unique in the subset E^:, that is, not 
every Kis a. right-hand divisor of zero; hence, a JT exists such that 

KiK=: 0, only if ^i = 0; 

C*), left-hand division possible and unique in the subset ^;fc,^ that is, not 
every Kis a left-hand divisor of zero; hence, a Sexists such that 

KKi = 0, only if -K; = 0. 
Conditions A^, A^, Ag, A^, A^, A^, A^, and J.g, together are equivalent to the 
associativity condition 

A), (XiX,)X3 = Xi(X,X3), 

where Xp (p = 1, 2, 3) are any numbers of the system E and where 

-^ = e^p + -^p = 2 ^PJ^ ^^ + ^ ^P"' ^*'* 

It was shown also that the conditions composing each definition are inde- 
pendent. 

By systematic checking I have found that the ninety-six definitions given in 
the following tables, together with the seventy-eight of the former paper, give 
all possible methods of defining reducibility that depend upon the above twenty 
assumptions. 
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In this paper I use throughout the notation and the tables of the former 
paper ; the definitions being based of course upon Table I. Table II, being com- 
plete, no additions are made; Tables III^. and IV^. of this paper supplement Tables 
III. and IV. of the former, paper. In the notation i^jg^, the subscript indicates 
that this is the first definition which is to be inserted after R^ of the former 
paper to form the sequence as now completed. Definition R^s^ immediately 
follows i2i3j. 

Independence Proofs. — With the exception of those indicated by a (*) in the 
tables, the conditions composing the various definitions are independent. The 
independence proofs are easily verified by Table V., which is reprinted from the 
former paper. 



§2. — Definitions of Reducibility by Independent Assumptions. 
"We reproduce Table I. from the former paper. 

TABLE I. 



Notation. 


Assumptions. 


Consequence. 


A 


-^7> ^4> ^li (Ajy ^ki> 


Gr 






Ci 


A 


-^3) (^jki (^jhi ^kjj (^kjj 




G, 




Oi 


A 


A-n, Cjfc, Ojji, 




G\ 




Ci 


A 


-^3> ^ij' ^kji 




G\ 




G, 


A 


-^8) ^fc> ^^' ^ii» ^kj> 


Or 






0, 


A 


A. Ojk, Gjk^ Oij, Gkj, 




a 




G, 


A 


■^e> ^4' ^} 




a 




G, 


A 


A, oi„ c%, 




CI 




G, 


A 


A> ^iy ^kjt 




Gi 


G^ik 




Ao 


-"« > ^k^> ^kj) 




G\ 


Gjk 




Ai 


Af, C'jk, Gjtc, 




G^ 


Gkj 




Dn 


-"5» ^|fc) ^jk> 




G\ 


Ci; 





I. — From a consideration of this table, it is evident that A> Ai A> A a^'e 
the only dependencies in which the division assumptions are on the system 
61 
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E aaa. whole. There are eight possible combinations of these that give a defini- 
tion of reducibility and they all appear in Table II. 

II. — In Z>i2, Djj, Djo, Z>9, Z>8, D^, Di, and Dg the division assumptions are on 
the subsets E^ and E^. The thirty-eight definitions of Table III. with the addi- 
tional twenty-four of Table III^. give their sixty-two possible combinations. 

TABLE III,. 



(1) 


(2) 






(8) 






Proved by (8) 


(6) 


Nota- 
tion. 


From 

Table 

I. 




AsBumptioDB. 






(4) 


(5) 


Proved 

by 

(3) and (4). 




A2 


^5 


^;& Gjh 




C{ 




(^i 






•^13, 


A: 
A 


^6 


Gjk Oft; 




ci 




G% 

(C t( 




A 




A. 


^5 


^jk Ojk 




C{ 




^i 






It\Z^ 


i>u 


^a 


Gjk Gjk 




c\ 




G% 








.... 




0^ 
















A 


A 








G^ 


« « 




A 




A2 


A 


^jk f^jk 




C{ 




G% 






^5, 


A 


-4, 


G'jk Gjk 


CI 


Ci 






G, 






A 


A 




c% 




Ct 


(( 




A 




A2 


^6 


Gjk Cju 




oi 




^i 






^17, 


A 


A 




c% 
c% 


ct 




ti 




A 




A 


A 




c% 




c\ 


(( 




A 




A« 


A 


Gjk CjJc 




Ci 




Ok, 






^w 


A 


A 




c% 


ct 




(( 




A 




A 


A 


CjkC^k 




C} 






A 
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TABLE IIIj.— Continufid. 








(1) 


(2) 
From 




(3) 




Proved by (8) 


(6) 


Nota- 






Proved 


tion. 


Table 




Assumptions. 




/ t \ 


(6) 


by 




I. 








(4) 


(8) and (4). 




As 


^5 


Cjk Cjk 


C{ 


Gij 






^173 


.... 




c% 












A 


A, 

c. 


c% 


ci 


a 




c. 




Dn 


A, 


Cjk Cjjc 


Gi 


oij 






^174 


.... 




c% 
c. 












A 


As 


c% 


cr 


(1 




A 




. • • * 




^a 










^1»1 


Ai 


A, 


Cjk Cjk 


Cr 


rtk 

^kj 






A 


A, 


Cjk Cjk 


Ci 




A 






A 


As 


ck 


c^ 


<< 




^1 




. . . • 




^ci 










Xl/o-i 


^n 


A 


Cjk Cjk 


A* 


G'k, 






■""Sll 


A 


A 


% 


Ci 


(1 




A 




A 


A, 


a 


C! 


K 




^1 




• • • • 




. ^^ 










XLai 


Ai 


A, 


Cjk Cjk 


at 


Gkj 






-"•"Sia 


A 


A, 


ck 


0{ 


ti 




c. 




A 


A, 


CjkOfk 

k ^' 


c^ 




A 




JtCoy 


Ai 


A, 


Cjk Cjk 


0.* 


G% 






™l3 


A 


As 
A 


ck 

k ^^' 


c^ 


(t 




A 


Rzu 


A, 


A, 


Cjk Cjk 

A 


a' 


Gl, 








A 


As 


01 


ct 


1 1 




A 
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TABLE IIL.— Continued. 



(1) 


(3) 






(3) 




Proved by (3) 


(6) 


Nota- 
tion. 


From 

Table 

I. 






Assumptions. 




(4) 


(5) 


Proved 

by 

(3) and (4). 




Ao 


^6 




Gij Glij 


C\ 


Gjk 






^S5i 


A 

A 


A, 




ChC% 


Gi 

G\ 


G% 
11 II 




A 




Ao 


A 




G%j Cjcj 


G\ 


Gjk 






-^291 


A 


A 

c 


■y 


Gij C^ 


GI 


G% 








A 


A, 


"i 




Cf 


(1 II 




A 


•^30, 


Ao 
A 






Gi} C^j 


Gf 
Gi 


Gjk 
II 




A 




A 


^43 




Gi>G% 


G\ 




A 






Ao 


A 




Gij G^ 


G\ 


Gfk 






^302 


A 


A, 






Gi 


I'l 




A 




A 


A, 


Clu 




Of 


II 




A 




Ao 


A, 




Gkj Aj 


0^ 


Gjk 






-^303 


A 


A, 
A 






Gi 


II 




G, 




Ao 


A, 




a- Gti 


Gt 


cr. 






^31, 


A 


A 


C\u 


Gij G^.j 


Gi 




A 






A 


^T 


Cju 




Gr' 


II 




A 
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TABLK III, 


.—Continued. 








(1) 


(3) 

From 

Table 

I. 


(3) 
Assumptions. 


Proved by (3) 


(6) 


Nota 
tion. 


(4) 


(5) 


Proved 

by 
(3) and (4). 




Ac 


^6 


G}0 Cj0 


GJ^ 


Gi 






-^331 


— 




Ojk 
0. 












A 


A, 


01, 

^)k 


(n 


(( 




G, 


jXint 


A 


A 


cic% 


Gi 


Gi 






-^*'34i 


A 


A 


rik 
^jk 


G\ 


(i 




A 




A 


A 


^jk 


Gf 




G, 




Ty 


A 


A 


ci,c% 


Gi 


Gik 






^3h 


A 


A 


rik 
^jk 


G{ 


<{ 




G, 




A 


A 


Gjk 


Gr' 


II 




Gx 


•^34» 


A 


A 


G^ Ct0 


Gt 


Gik 






u»3 


A 


A 

0, 


Gjk 


Gi 


II 




G. 


i^s. 


a' 

A 


A 
A 


^ik 


Gi 


Gik 


G, 






A 


A 


^jk 


0? 


II 




G, 


-^37, 


a" 
a' 


A 

A 


^jk 

Gy G/cj 
G, 

Gfk 


C4 


C4k 

II 




G, 
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III. — The thirty -two definitions of Table IV. and the additional seventy-two 
of Table IV^. each contain at least one division assumption upon the system E as 
a whole and at least one division assumption on one of its subsets. 

TABLE IV-. 



(1) 


(2) 

From 

Table 

I. 


(3) 
Assumptions. 


Proved by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(8) and (4). 




A2 


A 


Cjk Cjk 




G{ 


G^kj 






-^54i 


Ai 


A 


Cjk Cjk 




6* 


G'kj 








A 


^4 


^jh ^jk 


Gi 




(1 (( 




c. 




.... 


<?1 
















A2 


A 


^jk ^jk 




G{ 


a 






•^681 


Ai 


A 


Cjk Cjk 




Gi 


Glj 








A 


^8 


Cjk Cjk 


Gr 




(< It 




C, 




— 


A 
















A2 


A 


Cjk Cjk 




G{ 


a 






^68s 


Ai 


A 


Cjk Cjk 

c. 




C? 


Gkj 








A 


A, 


Cjk Cjk 


A 




i( « 




c. 




As 


A, 


^jk ^jk 




G{ 


a- 






^683 


Ai 


A 


Cjk Cjk 




01 


G% 






• • • • 




G, 














A 


A 


Cjk Cjk 


Gr 




(< <( 




c. 




Dn 


A 


Cjk Cjk 




G{ 


c^„ 








.... 






c% 










-^684 


A 


A 


Cjk Cj^ 




G{ 




c. 






A 


A 


^jk ^jk 


C% G, 




i( 




c. 
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(1) 


(2) 






(3) 




Proved by (3) 


(6) 


Nota- 
tion. 


From 

Table 

I. 




Assumptions. 




(4) 


(5) 


Proved 
by 

(3) and (4). 




Aa 


A 


^jk Gjk 




C{ 


c^^ 






i?5S. 


A 


A 


C^jkCffk 


c% 


C{ 




c. 






A 


A 


^Hk (^)k 


Cj^ Cr 




<i 




c. 




A. 


A 


GikG% 




Ci 


c% 






Ase 


A 


A 






Ci 


ii 




c. 




A 


^3 


Gjk Cjic 


0,0 Ci 




a 




Cx 




Dn 


A 


f^jk Gjic 




G\ 


c% 






-^58, 


A 


A 




c% * 


Gt 


(( 




c. 




A 


A 


Gjk Cfk 


C/cj Cr 




(1 




Ci 




A3 


A 


0% c% 




C{ 


c% 






As, 


A 


^* 


Cjk Gjk 






1( 




G, 




A 


As 




^kd 


*Qk 


« 




Ci 




A. 


A 


^jk ^Jk 




Ci 


a 






■^68, 


A 


A 


Cjk Cjk 


flk 
^kj 

C4 ^. 




t< 




c. 




A 


A 


cikC% 




c\ 




Ci 
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TABLE IV,.— Continued. 



(1) 


(2) 

From 

Table 

I. 


(3) 
Assumptions. 


Proved by (8) 


(8) 


Nota- 
tion. 


(4) 


(5) 


Proved 

by 

(3) and (4). 




Aa 


^5 


^^•fc ^^fc 




C{ 


a- 






•^68,0 


A 


^4 


^}k Cjk 


Ok 
^ki 




(( 




a 




A 


A 


^)k Cjk 


^kj W 




(( 




c. 




As 


A 


Cjjc Gjk 




a 


c% 






-^58„ 


A 


A, 


C)k Gjje 


0^ a 




u 




a 




A 


A 


Gjk Cjjt. 


C]^ Cr 




(( 




a 




A. 


A, 


^Ik Cjjc 




C{ 


a 






^m. 


A 

• • • • 




^}k Gju 


pk 
^kd 

^kj ^l 




(( 




G. 




A. 


^5 


^"jk ^jk 




ci 


c% 






-^68b 


. . > •< 
i?5 


A 


Gjk Cjk 


Gkj Cr 




l( 




c. 




A 


^3 




C'kj 


c! 


<< 




Ci 




Aa 


A 


Cjk Cjk 




Ci 


cis 






•*^B8„ 


A 


A 


Cjk Cjk 






II 




c. 




A 


^T 


(^jk ^jk 




■^nk 




G. 
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(1) 


(8) 




(3) 




Proved by (3) 


(6) 


Nota- 


From 












Proved 


tion. 


Table 
I. 




Assumptions. 




(4) 


(5) 


by 

(3) and (4). 




As 


A 


pi pk 

^jk ^)k 


Ci 


^ 






-^68,5 


.... 

A 


A 


Gjk Cjk C^ Cr 




11 




Cz 




A 


-^3 


Cjk Cjk Ci4 Ci 




i< 




c. 




A. 


^5 


pi pk 
^}k ^jk 


Ci 


Ci 






Asi, 


A 


A, 


^jk ^jk ^kj ^r 




(( 




c. 




A 


A 


^jk Gjic Cj^ Cf 




(1 




c. 




As 


A 


pi pk 
^jk ^jk 


Ci 


<?i 






^58„ 


.... 




pk 

^kj 










A 


A 


^Jk Gjk ^k^ ^r 




u 




c. 




. . . . 


A 














As 


A 


Cjjc ^jk 


Ci 


Ci, 






^Wu 


.... 




^kj 

A 












A 


A 


(^jk GjTc C^ Ci 




II 




c. 




As 


^5 


Cjjc Cjk 


Ci 


cij 






■^58:, 


.... 




A 












A 


A 


G% Cj^. Cj^j Gr 




(1 




G, 



52 
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TABLE IV,.— Continued. 



(1) 


(2) 

From 

Table 

I. 


(3) 
Assumptions. 


Proved by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(3) and (4). 




.... 




Ch 










^6820 


Ai 


A 


C-jic Cj^. 


G} 


G% 






A 


A 


Cj, Gfu *<7i 




G, 






A 


A 


Cjjc Gfk Cj^ Ci 




K 




a 




.... 




% 










^82, 


Ai 


A 


Gjk Gj^ 


G^ 


G% 






A 


^4. 


Cjjc Gj^ 


G{ 




G, 






A 


J, 


G^k Gjk Gkj Gr 




a 




A 


-^6822 


Ai 


A 


Gjk Gjk 


C? 


c% 






A 


A 


Oi Gi 




(( 




A 




A 


A 


Gjk Gjj, G{j Gi 

Gi 




<( 




A 


-^6823 


Ai 


A 


pj nk 

^jk ^Jk 


G^ 


pk 

^kj 






A 


A 


Gi> *GI 




(1 




A 




A 


A 


Gjk Gjj^ G^u) Gr 




« 




A 


-^6824 


Ax 


A 


Gjk Gjic 


Gf 


G^j 






A 


A 


Gik G% G{j G, 




u 




A 




A 


A 


Gi, 


*(7f 


(1 




A 
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(1) 


(2) 

From 

Table 

I. 


(3) 
Assumptions. 


Proved by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(3) and (4). 




. . . . 




ci, 










•^6825 


Ai 


A, 


^Ok CjTc 


Gi 


Gt, 






A 


A, 


(^k Gjk Cij Gi 




it 




c. 




A 


A, 


^Jk Cjjc 


Cjf 




c. 




•^58.6 


Ai 


A 


Cjlc Cjk 


a? 


G% 






A 


^. 


Gjk Cj\ C^ (7j 




(1 




G, 




A 


^3 


ciu eg a, G, 




II 




G, 




.... 




cij 










■^582, 


Ai 


^6 


cikC% 


Gr' 


Gi 






A 


^4 


Ci, Cj% Gij (7j 




l< 




A 




A 


^, 


^ifc ^1 (^kj Or 




II 




G^ 




.... 




% 










T) 


Ai 


^e 


CjTc Cjy. 


Gi 


rik 






-"sSas 


A 


A, 

A 


Gi, c% ci, a 

C^k, 




li 




G. 


y^ 


Ai 


A 


^)k ^)k 


Gi 


c^ 






-«'6829 


A 


A 


Qk Gjjt, Ojf,j Gf 




li 




c. 


A 


A 


Gij 


a 


n 




G, 
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TABLE I Vo.— Continued. 



(1) 


(3) 




(3) 






Proved by (8) 


(6) 


Nota- 
tion. 


From 

Table 

I. 




Assumptions. 




(4) 


(6) 


Proved 

by 

(8) and (4). 




.... 




^i 












•^6830 


A 


A 

^B 


cf. cf, a, 


Cr 


G^ 


pk 
^kj 

<( 




0^ 




A 


^, 


p) pk 
^jk ^jk 




c 




0, 




■^583, 


Ai 
A 


^6 

^8 


Gjk Cjk Gkj 


a 


G^ 


Okj 

II 




0, 




A 


^3 


f^jk Cjk Gkj 


Ct 




(1 




0, 


A832 


Ai 
A 


^8 


Cjk Cjjc 
Cjk c% % 


a 





pk 
^kj 

i( 




0, 




A 


A 


^jk ^jk ^kj 


Or 




II 




0, 


■^5833 


Ai 
A 




^Jk Cjk 

Oik c% Gij 


Or 


G^ 


0% 

II 




0, 


•^6834 


Ai 


A, 


Cjk Cjk 

c. 




Cr' 


^4 








A 


A 


Cjk Cjk G^ 


Ct 




II 




Ci 
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(1) 


(3) 




(3) 




Proved by (3) 


(6) 


Nota- 
tion. 


From 

Table 

I. 




Assumptions. 




(4) 


(5) 


Proved 

by 

(3) and (4). 









a 










-^5836 


Ai 


A 


A 


Or" 


Ckj 








A 


A, 


^•*: C'^A ^;y C*, 




II 




Cx 




Ao 


A 


^W ^;y 


Gf 


Cjl 






•^66i 


A 

A 


A 
A 
A 


Gkj Gj0 Ci 




cik 




c. 




Ao 


A. 


01,0^ 


c\ 


Gjl 






^70, 


A 

A 


A 
A 
A 


ci C^ Q 




Ctu 
II ii. 




c. 




Ao 


A 


c^c^ 


Cf 


pk 
^ik 






R-Kh 


^9 


A 


Ci, CI a 

A 




Cik 








A 


As 


e% c% c, 




11 II 




A 




Ao 


A, 


Ckj Cj0 


ct 


Cjk 






^1(h 


A 


A, 


Ci, c% c? 

c. 




Cik 








A 


A 


Ckj Cj0 Cr 




II II 


Cx 
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TABLE IV,.— Continued. 



(1) 


(2) 

From 

Table 

I. 


(3) 
Assumptions. 


Proved by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(3) and (4). 




Ao 


^e 




Oh G% 


G\ 


Cjk 






A04 


A 


^. 




^(j{ 




(1 




G, 




A 


^3 


Gik 


Cij G% Gi 




(( 




G, 




A« 


^. 




ckc% 


c? 


Cjk 






-^706 


A 


4. 


Ojk 
Ojk 


a 




(( 




G, 




A 


4, 


Cjk 


Ch) Cj^ Cf 




<l 




Ci 




Ao 


A 




Ckj Cj0 


c? 


O^k 






-K7O6 


* 
A 


A, 


Oj. 


c% C% C{ 






G, 






A 


A 


Ck 


Cj0 Ckj Ci 




II 




A 




Ao 


A 




Clu) Cjcj 


^f 


Gfk 






■^70, 


A 


4. 


Cjk 


cij c% *c{ 






G, 






A 


A 


cu 


^kj ^Ity ^r 




a 




^1 




Ao 


4e 




C14 Cj^ 


<?f 


Gjk 






^7(fe 


A 


4, 


Cjk 
Cjk 


Ckj Cyj Ci 




II 




G, 




A 


A 




C^mG% 


c^ 




Cx 
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(1) 


(2) 
From 






(3) 




Proved by <3) 


(6) 


Nota- 






Proved 


tion. 


Table 
I- 






Assumptions. 




(4) 


(5) 


by 

(3) and (4). 




Dyo 


^e 




Gij Cjcj 


Cf 


Ctk 






■K7O9 






c% 












A 


^4 


Gjk 


Gi, C% G, 




ii 




A 




A 


J., 


Cj. 




C^ 


(t 




G^ 




Ao 


A 




Gij c% 


Cf 


G% 






•^70.„ 


A 


A, 




^% ^14 ^i 




(( 




A 




A 


A, 


Ch 


Gij Gil Gi 




>t 




A 




i>10 


A, 




G%G% 


Of 


G% 






■^70„ 


.... 




Gl. 












A 


A, 


cu 


Gij G% G, 




n 




A 




A 


A, 


GU 


Gj, G% G, 




n 




Ci 




Ao 


A, 




Gjg 0/0 


C? 


G% 






•^70,2 


.... 




Cjk 












A 


A, 


Ch 


^kj f^ki Gi 




n 




A 




— 


A 
















Ao 


A. 




G% G% 


Cf 


Gjk 






-^70.3 


.... 




cu 












A 


A, 


cu 


Gi G% a 




t( 




A 




A 


A, 




G{jG% 


C\ 




A 





398 



Leonaed : On the Definition of 
TABLfi IV,— Continued. 



(1) 


<2) 

From 
Table 

i. 


(3) 
Assumptions. 


Proved by (S) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(3) and (4). 




Ao 


A 




^kj C^j 


Of 


O^k 






^n» 


A 


^B 


oik 


0% C% G, 




n 




0, 




A 


A 


c% 




*C 


it 




A 




Ao 


A 




Ci, c% 


Cf 


Of, 






-^70,5 


A 


^8 


Cjk 


Cii C% G, 




H 




A 




A 


A 


Ci, 


C{j C^j Gi 




a 




A 




Ao 


A 




Cij 0% 


ef 


Ojk 






^70ie 


A 


A, 


Oik 
Ci, 


aj 0% Or 




II 




A 




A 


A, 


O^sk 


Oi,G%Gr 




11 




A 


D 


Ao 


A, 


Oik 


oii 0% 


Of 


0!, 






■^70„ 


A 


A, 

Or 


oi. 


G{, 0% Gr 




It 




A 




Ao 


A, 




Oij 0% 


Of 


cs. 






•^tOis 


— 




0, 














A 


A 


oiu 


0%i 0% Gi 




i( 




A 



Red/Ujcible Hypercomplex Number Systems. 



399 









TABLE IV2.— Continued. 








(1) 


(3) 

From 

Table 

I. 

Ao 


(8) 
Assumptions. 


Proved by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(3) and (4). 




A, 


Oh c% Cf 


G% 






•"70i» 






G, 










A 


A, 


q^ Gi G% Gr 


ii 




G^ 




.... 




Gjk 








■^70«, 


A 


A, 


aj Gi, Gi 


Gi 






A 


A, 


Gf, *Gi 


(< 




Gz 




A 


A, 


G% G{j G% Gi 


i< 




G. 




■ • • • 




Gjk 








-^70m 


A 


A, 


G%G% a 


Gjk 






A 


A, 


G% 0, 


<( 




G, 




A 


A 


G%Ou,Gl^Gr 


It 




G^ 




.... 




Gjk 








^7082 


A 


A, 


GijG% Gi 


Gjk 






A 


A, 


Gi> G% C? 




G, 






A 


A, 


Gjk Gi^ G-^ Gi 


11 




G^ 




• • • • 




Gi 








■^70s8 


A 


A 


Gij G% 0, 


Gjk 






A 


A, 


Gk G% Gt 




G, 






A 


A, 


Gjk Gij Ckj Gr 


tt 




G, 



53 
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TABLE IVj.— Continued. 








(1) 


(2) 

From 

Table 

I. 


(3) 
Assumptions. 


ProveA by (3) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(3) and (4). 


•^70.4 




^5 


k ^f ^1 ^' 

Qfc c*^ ^« ^i 

4 <i *^f 


Giu 


A 


c. 


-^70s5 


a' 

A 
A 




(^jk 

k ^^ ^% ^' 
Cjk f^kj ^ki ^l 

C^k G^r 


Gik 




G, 


-^^70,6 


A* 
A 


^5 

A, 

As 


Gjk 

Gjl Gj, q| a 

Gjk Gjtj Cjy C/j 


It 
li 




G, 


-^702, 


a' 

A 
A 


A, 

A, 


P!(& ^4 Cw Cj 

C^fc 0*1^ ^j;; ^r 


Gik 

n 




G, 
G, 


■^7(te 


a' 

A 




Gjk 

/vft rij fik p 

^jk ^fy t/^ W 


Giu 




G, 


-^^7029 


a' 

A 
A 


^6 

As 


Qfc ^iy G/^ Cr 

Gij Cjy Cj 




A 


G, 
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TABLE IVj — Continued. 








(1) 


(S) 

From 

Table 

I. 


(8) 
Assumptions. 


Proved by (8) 


(6) 


Nota- 
tion. 


(4) 


(5) 


Proved 
by 

(8) and (4). 


-'^70,„ 




A, 


Gjk Cij Cy.j Cj. 

pk */Ti 


cik 




c, 
c. 


-^70,, 


A 

A 


A 
A 
A 


C}k 

pk pj pk p 

^jk ^kj ^M ^r 

Gjk Ckj Guj Ci 


Cjk 

11 
(( 




c, 
c. 


Ao,, 


a' 

A 


A 
A 
A 


pk 

^jk 

k ^^^ ^h ^' 

CjU Cij C^ Cr 

Gjk Gij Ckj Or 


Cik 

>l 
II 




c, 
c. 


-^70,3 


a' 

A 


A, 

A 
0, 


pk 

Cju Clj C/y Cv 


Cik 




c. 


Aos. 


a' 
a' 


A 

A 
A 


Cij C^ G} 
Cjk Ckj Ckj Ci 


Cik 
11 




c. 


-^70„ 


a' 


A 

A 


Cjk 

Cij c^ a 
Cjk Cij Ckj Cr 


Cjk 

11 




c. 
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§ 3 . — Independence Proofs. 

The sets of conditions in Tables III^. and IV^. yield reducibility. It can 
readily be seen that there are not enough assumptions in any one of these sets to 
prove the associativity A of the system E. In each case this can be accomp- 
lished by adding the assumptions A^ and A^. By the use of Table V. the mutual 
independence of the conditions composing each of the definitions of Table III^. 
and those of all but twelve of the definitions of Table IV^. can be established. 
The independencies of Table V. are based upon the following multiplication tables, 
for which the borders have been omitted. 



I. 






II. 




III. 


e.. 







ei + e^ 




Ci ej 


ej 







e^ 




eg 





^3 








63 


£j = ei,e^; 


K= 


es. 


^3=^1] ^k —^i. 


E 


= «i. 4; E^ = es 


IV. 






V. 




VI. 


«! 







ei «! 




ei 


«! gg 







«! ^2 




«! eg 





e^ 








e. 



^} = «i; ^* = «2. ^8' -^ = «i; -^fc = ^i- Ej = «!, eg; ^j. = eg. 





VII 










VIII. 




ei 





H 






ei 











^2 









«2 











^3 















^3 


4 = 


■ e^;E^- 


eg, 


^3* 


^. 


= ( 


h,e^;E^ 


=r , 



IX. 










«i eg 








H 



Ej — «!. ^2; -^k = ^3 
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i 
• 
• 

• 

• 

• 
• 

• 

• 
• 

• 
• 
• 


• 

i 
• 
• 
• 
• 
• 
• 
• 

• 
• 

• 
• 
• 
• 
• 


• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 


A, 

• 
• 
• 

• 
• 

• 
• 
• 
• 

• 

• 
• 
• 


• 
• 

• 

• 
• 

• 

• 
• 

• 
• 

• 


• 

• 

• 
• 
• 

h 

• 

• 
• 
• 
• 
• 
• 
• 
• 


A, 

• 

• 

• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 
• 


• 

• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
* 
• 


• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 


G, 

• 
• 
• 

• 
• 
• 
• 
• 

• 

• 

• 
• 

• 


<^* 


Gjk 


Gii 


Gi0 


Ci 


Or 


Ci 


C^'Ci 


(7* 


1 

Proof. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 


• 

• 

• 

• 
• 

• 

• 
• 

• 

• 


• 

• 
• 
• 

• 
• 
• 

• 
• 
• 
• 


• 

• 
• 
• 

• 
• 

• 

• 
• 

• 
• 
• 
• 
• 


• 
• 
• 
• 

• 
• 

• 

• 

• 
• 

• 
• 
• 


• 
• 

• 

• 

• 

• 

• 
• 
•. 
h 
h 
-k 
• 


• 
• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

h 


• 

• 
• 
• 
• 
• 
• 

• 
• 
• 
• 

• 

• 
• 
• 


• 
• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 

• 
• 


• 
• 
• 
• 
• 
• 
• 
• 
• 

• 
• 

• 
• 


• 
• 

• 
• 
• 
• 
• 

• 
• 
• 

• 
• 
• 

*2 


I. 

Interchange y, h in (1). 

II. 
Interchange J, fc in (3). 

III. 
IV. 

Interchange J, k in (6). 
Interchange J, k in (5). 

V. 

VI. 
Interchange J, fc in (9). 

VII. 

Interchange J, fcin (12). 
Interchange i, % in (10). 

VIII. 

Interchange i, & in (15). 

IX. 

Interchange J, fc in (17). 



§4. — Dependence Proofs. 

The twelve sets of conditions of Table IV^. that require individual considera- 
tion are E^^, Jt^g^, B^g^^, B^g^, B^g^, B^^, B-jq^, B^^^ B^q^^, B,,q^, -K,j(,^, and B^q^. 

1. That CV is a consequence of the other conditions of i^jg^ can be shown in 
the following manner. The conditions from which G^ is derived in B^^ are inde- 
pendent. By Di and Dg it is seen that (7i and G^ are consequences of ^„ Ag, 
(7,4, Gjk, Glj, G^j, Gr and all these conditions are mutually independent. Accord- 
ing to the condition G^, there exist a /and a JS'such that {J^ -f K^{J ■\- K) = 0, 
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only if Jj = = Zi. Multiplying out, we have in view of 6^4, (7,1, Gi^, C^ that 

JiJ + K^K= 0, only if Jj = = iTi 
or Js + K^ =0, by G^, G^. 

By the linear independence of the units, it follows that 

Jg Z= /i /= 0) ( /j = 



^3 = ir,^=oj°^^y^^|^, = o. 

The former condition is G^. * 

2. That Cj* is a consequence of the other conditions of R^ can be shown 
by the successive use of Z^ig, Z^g, D^, and Cj. 

3. That Cv is a consequence of the other conditions of R^^^ can be shown 
by the successive use of iJjg, D^, Di, and (7,.. 

4. That C7| is a consequence of the other conditions of R^g^ can be shown 
by the successive use of Z>]i, D^, D^, and (7j. 

5. That Gi is a consequence of the other conditions of R^^ can be shown 
by the successive use of Du, D^, D^, and G^. 

6. That Gi is a consequence of tbe other conditions of R^^ can be shown 
by the successive use of i>u, Z>g, Z>a, and Gi. 

7. That G{ is a consequence of the other conditions of ^,0, can be shown 
by the successive use of Z)jo, J9g, D^, and C,. 

8. That Gl is a consequence of the other conditions of jB^o, can be shown 
by the successive use of i>io> A» A. and Cy. 

9. That Cv is a consequence of the other conditions of iE^o^^can be shown 
by the successive use of Z^io, D^, Di, and G^. 

*In §5 of the previous paper the corresponding dependence theorems are correctly given. Some of the 
proofs, however, contain a weakness. Thus, In the above proof, it Is not correct to continue the argument : 
Multiplying on the left by /', since 

J^J + K^K = 0, only if Jj = = ^j , and since J^J= J", and JCjX — K,, then 

J' (J^J + KiK ) = , only if 7j = = Xj and therefore 

J^ (J^J + K^K) = , only if Jj^ = = K^K, 

which gives the required condition. 

The reason that this argument is not valid is that the product J^ ( = (/jJ") , although diiferent from zero, 
may be a right-hand divisor of zero. 

By the method used In the body of this paper all the dependence proofs in the previous paper can easily 
be modified so as to be correct. 
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10. That G{ is a consequence of the other conditions of R^„^ can be shown 
by the successive use of Dg, D^, D^, and C,. 

11. That Ci is a consequence of the other conditions of R^o^ ^^^ be shown 
by the successive use of D^, D^, D^, and <7j. 

12. That Gl is a consequence of the other conditions of JB^oa, can be shown 
by the successive use of i>9, D^, D^, and C,. 

Univbbsitt of Colobado, September, 1905. 



